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Abstract This expository text is about using toric geometry and mirror symmetry
for evaluating Feynman integrals. We show that the maximal cut of a Feynman
integral is a GKZ hypergeometric series. We explain how this allows to determine
the minimal differential operator acting on the Feynman integrals. We illustrate the
method on sunset integrals in two dimensions at various loop orders. The graph
polynomials of the multi-loop sunset Feynman graphs lead to reflexive polytopes
containing the origin and the associated variety are ambient spaces for Calabi-Yau
hypersurfaces. Therefore the sunset family is a natural home for mirror symmetry
techniques. We review the evaluation of the two-loop sunset integral as an elliptic
dilogarithm and as a trilogarithm. The equivalence between these two expressions
is a consequence of 1) the local mirror symmetry for the non-compact Calabi-Yau
three-fold obtained as the anti-canonical hypersurface of the del Pezzo surface of
degree 6 defined by the sunset graph polynomial and 2) that the sunset Feynman
integral is expressed in terms of the local Gromov-Witten prepotential of this del
Pezzo surface.
1 Introduction
Scattering amplitudes are fundamental quantities used to understand fundamental
interactions and the elementary constituents in Nature. It is well known that scat-
tering amplitudes are used in particle physics to compare the theoretical predictions
to experimental measurements in particle colliders (see [1] for instance). More re-
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2 Pierre Vanhove
cently the use of modern developments in scattering amplitudes have been extended
to gravitational physics like unitarity methods to gravitational wave physics [2–6].
The l-loop scattering amplitude ADn,l(s,m
2) between n fields in D dimensions is
a function of the kinematics invariants s= {si j = (pi+ p j)2,1≤ i, j ≤ n} where pi
are the incoming momenta of the external particle, and the internal masses m2 =
(m1, . . . ,mr).
We focus on the questions : what kind of function is a Feynman integral? What
is the best analytic representation?
The answer to these questions depend very strongly on which properties one
wants to display. An analytic representation suitable for an high precision numerical
evaluation may not be the one that displays the mathematical nature of the integral.
For instance the two-loop sunset integral has received many different, but equiv-
alent, analytical expressions: hypergeometric and Lauricella functions [7,8], Bessel
integral representation [9–11], Elliptic integrals [12,13], Elliptic polylogarithms [14–
20] and trilogarithms [20].
The approach that we will follow here will be guided by the geometry of the
graph polynomial using the parametric representation of the Feynman integral. In
§2 we review the description of the Feynman integral IΓ for a graph Γ in parametric
space. We focus on the properties of the second Symanzik polynomial as a prepara-
tion for the toric approach used in §3. In §2.2 we show that the maximal cut piΓ of a
Feynman integral has a parametric representation similar to the one of the Feynman
integral IΓ where the only difference is the cycle of integration. The toric geometry
approach is described in §3. In section 3.2 we explain that the maximal cut integral is
an hypergeometric series from the Gel’fand-Kapranov-Zelevinski (GKZ) construc-
tion. In section 3.4.2, we show on examples how to derive the minimal differential
operator annihilating the maximal cut integral. In §4 we review the evaluation of the
two-loop sunset integral in two space-time dimensions. In section 4.1 we give its
expression as an elliptic dilogarithm
I(p2,ξ 21 ,ξ
2
2 ,ξ
2
3 ) ∝ ϖ
6
∑
i=1
ci∑
n≥1
(Li2(qnzi)− (Li2(−qnzi)) (1)
where ϖ is a period of the elliptic curve defined by the graph polynomial, q the
nome function of the external momentum p2 and internal masses ξ 2i for i = 1,2,3.
In §4.2 we show that the sunset integral evaluates as sum of trilogarithm functions
in (163)
I(p2,ξ 21 ,ξ
2
2 ,ξ
2
3 ) ∝ ϖ (3(logQ)
3
+ ∑
(n1,n2,n3)≥0
(
dn1,n2,n3 +δn1,n2,n3 log(−p2)
)
Li3(
3
∏
i=1
ξ 2nii Q
ni) . (2)
In §4.3 we show that the equivalence between theses two expression is the result of
a local mirror map, q↔ Q in (165), for the non-compact Calabi-Yau three-fold ob-
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tained as the anti-canonical bundle over the del Pezzo 6 surface defined by the sunset
graph polynomial. Remarkably the sunset Feynman integral is expressed in terms of
the genus zero local Gromov-Witten prepotential [20]. Therefore this provides a
natural application for Batyrev’s mirror symmetry techniques [21]. One remarkable
fact is that the computation can be done using the existing technology of mirror
symmetry developed in other physical [22–24] or mathematics [25] contexts.
2 Feynman integrals
A connected Feynman graph Γ is determined by the number n of propagators (in-
ternal edges), the number l of loops, and the number v of vertices. The Euler char-
acteristic of the graph relates these three numbers as v = n− l+ 1, therefore only
the number of loops l and the number n of propagators are needed.
In a momentum representation an l-loop with n propagators Feynman graph reads
IΓ (s,ξ 2,ν ,D) :=
(µ2)ω
pi
lD
2
∏ni=1Γ (νi)
Γ (ω)
∫
(R1,D−1)l
∏li=1 dD`i
∏ni=1(q2i −m2i + iε)νi
, (3)
where D is the space-time dimension, and we set ω := ∑ni=1 νi− lD/2 and qi is the
momentum flowing in between the vertices i and i+1. With µ2 a scale of dimension
mass squared. From now we set m2i = ξ 2i µ2 and pi→ piµ , with these new variables
the µ2 dependence disappear. The internal masses are positive ξ 2i ≥ 0 with 1≤ i≤
n. Finally +iε with ε > 0 is the Feynman prescription for the propagators for a
space-time metric of signature (+−·· ·−). The arguments of the Feynman integral
are ξ 2 := {ξ 21 , . . . ,ξ 2n } and ν := {ν1, . . . ,νn} and s := {si j = (pi+ p j)2} with pi
with i = 1, . . . ,ve with 0 ≤ ve ≤ v the external momenta subject to the momentum
conservation condition p1 + · · ·+ pve = 0. There are n internal masses ξ 2i with 1≤
i ≤ n, is ve is the number of external momenta we have ve external masses p2i with
1 ≤ i ≤ ve (some of the mass could vanish but we do a generic counting here),
and ve(ve−3)2 independent kinematics invariants si j = (pi+ p j)
2. The total number of
kinematic parameters is
NΓ (n, l) = n+
ve(ve−1)
2
≤ NΓ (n, l)max = n+ (n− l+1)(n− l)2 . (4)
We set
IΓ (s,m,D) := IΓ (s,m,1, . . . ,1,D) , (5)
and for νi positive integers we have
IΓ (s,m,ν ,D) =
n
∏
i=1
(
∂
∂ (ξ 2i )
)νi
IΓ (s,m,D) . (6)
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2.1 The parametric representation
Introducing the variables xi with 1≤ i≤ n such that
n
∑
i=1
xi(q2i −ξ 2i ) = (`µ1 , . . . , `µl ) ·Ω · (`µ1 , . . . , `µl )T+(`µ1 , . . . , `µl ) · (Qµ1 , . . . ,Qµl )− J,
(7)
and performing standard Gaussian integrals on the xi (see [26] for instance) one
obtains the equivalent parametric representation that we will use in these notes
IΓ (s,ξ ,ν ,D) =
∫
∆n
ΩΓ , (8)
the integrand is the n−1-form
ΩΓ =
n
∏
i=1
xνi−1i
U ω−
D
2
Fω
Ω0, (9)
where Ω0 is the differential n−1-form on the real projective space Pn−1
Ω0 :=
n
∑
j=1
(−1) j−1 x j dx1∧·· ·∧ d̂x j ∧·· ·∧dxn , (10)
where d̂x j means that dx j is omitting in this sum. The domain of integration ∆n is
defined as
∆n := {[x1, · · · ,xn] ∈ Pn−1|xi ∈ R,xi ≥ 0}. (11)
The second Symanzik polynomialF =U
(
(Qµ1 , . . . ,Q
µ
l ) ·Ω−1 · (Qµ1 , . . . ,Qµl )T
− J), takes the form
F (s,ξ 2,x1, . . . ,xn) =U (x1, . . . ,xn)
(
n
∑
i=1
ξ 2i xi
)
− ∑
1≤i≤ j≤n
si jGi j(x1, . . . ,xn) (12)
where the first Symanzik polynomial U (x1, . . . ,xn) = detΩ and Gi j(x1, . . . ,xn) are
polynomial in the xi variables only.
• The first Symanzik polynomial U (x1, . . . ,xn) is an homogeneous polynomial of
degree l in the Feynman parameters xi and it is at most linear in each of the xi
variables. It does not depend on the physical parameters. This polynomial is also
known as the Kirchhoff polynomial of graph Γ . Which is as well the determinant
of the Laplacian of the graph see [27, eq (35)] for a definition.
• The polynomialU (x1, . . . ,xn) can be seen as the determinant of the period matrix
Ω of the punctured Feynman graph [26], i.e. the graph with amputated external
legs. Or equivalently it can be obtained by considering the degeneration limit of
a genus l Riemann surfaces with n punctures. This connection plays an important
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in understanding the quantum field theory Feynman integrals as the α ′→ 0 limit
of the corresponding string theory integrals [28, 29].
• The graph polynomial F is homogeneous of degree l + 1 in the variables
(x1, . . . ,xn). This polynomial depends on the internal masses ξ 2i and the kine-
matic invariants si j = (pi · p j)/µ2. The polynomials Gi j are at most linear in all
the variables xi since this is given by the spanning 2-trees [27]. Therefore if all
internal masses are vanishing thenF is linear in the Feynman parameters xi.
• The U and F are independent of the dimension of space-time. The space-time
dimension enters only in the powers of U and F in the parametric representa-
tion for the Feynman graphs. Therefore one can see the Feynman integral as a
meromorphic function of (ν ,D) in C1+n as discussed in [30].
• All the physical parameters, the internal masses ξ 2i and the kinematic variables
si j = (pi · p j)/µ2 (that includes the external masses) enter linearly. This will be
important for the toric approach described in §3.
2.2 Maximal cut
We show that the maximal cut of a Feynman graph has a nice parametric represen-
tation. Let us consider the maximal cut
piΓ (s,ξ 2,D) :=
1
Γ (ω)(2ipi)npi
lD
2
∫
(R1,D−1)L
l
∏
i=1
dD`i
n
∏
i=1
δ (q2i −m2i + iε), (13)
of the Feynman integral IΓ (s,ξ 2,D) which is obtained from the Feynman integral
in (3) by replacing all propagators by a delta-function
1
d2
=
1
2ipi
δ (d2). (14)
Using the representation of the δ -function
δ (x) =
∫ +∞
−∞
dweiwx, (15)
we obtain that the integral is
piΓ (s,m,D) :=
1
Γ (ω)(2ipi)npi
lD
2
∫
R(1,D−1)L
e−i∑
n
i=1 xi(`
2
i +m
2
i −iε)
l
∏
i=1
dD`i
n
∏
i=1
dxi . (16)
At this stage the integral is similar to the one leading to the parametric represen-
tation with the replacement xr → ixr with xr ∈ R. Setting x˜r = ixr and performing
the Gaussian integrals over the loop momenta, we get
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pin(s,ξ 2,D) :=
1
(2ipi)n
∫
iRn
U˜ ω−
D
2
F˜ω
n
∏
i=1
δ (1−
n
∑
i=1
x˜i)dx˜i . (17)
using the projective nature of the integrand we have U˜
ω−D/2
F˜ω
= i−nU
ω−D/2
Fω and the
integral can be rewritten as the torus integral
piΓ (s,ξ 2,D) :=
1
(2ipi)n
∫
|x1]=···=|xn−1|=1
U ω−D/2
Fω
n−1
∏
i=1
dxi . (18)
This integral shares the same integrand with the Feynman integral IΓ in (8) but the
cycle of integration differs since we are integrating over a n-torus. We show in §3.2
that this maximal cut arises naturally from the toric formalism.
2.3 The differential equations
In general a Feynman integral IΓ (s,ξ 2,ν ,D) satisfies an inhomogeneous system of
differential equations
LΓ IΓ =SΓ , (19)
where the inhomogeneous term SΓ essentially arises from boundary terms corre-
sponding to reduced graph topologies where internal edges have been contracted.
Knowing the maximal cut integral allows to determine differential operatorsLΓ
LΓ piΓ (s,ξ 2,D) = 0, (20)
This fact has been exploited in [31–34] to obtain the minimal order differential
operator. The important remark in this construction is to use that the only difference
between the Feynman integral IΓ and the maximal cut piΓ is the choice of cycle of
integration. Since the Picard-Fuchs operatorLΓ acts as
LΓ piΓ (s,ξ 2,D) =
∫
γn
LΓΩF =
∫
γn
d(βΓ ) = 0 (21)
this integral vanishes because the cycle γn = {|x1| = · · · = |xn| = 1} has no bound-
aries ∂γn = /0. In the case of the Feynman integral IΓ this is not longer true as
LΓ IΓ (s,ξ 2,D) =
∫
∆n
d(βΓ ) =
∫
∂∆n
βΓ =SΓ 6= 0 . (22)
The boundary contributions arises from the configuration with some of the Schwinger
coordinate xi = 0 vanishing which corresponds to the so-called reduced topolo-
gies that are known to arises when applying the integration-by-part algorithm
(see [35–37] for instance).
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We illustrate this logic on some elementary examples of differential equations for
multi-valued integrals relevant for the one- and two-loop massive sunset integrals
discussed in this text.
2.3.1 The logarithmic integral
We consider the integral
I1(t) =
∫ b
a
dx
x(x− t) , (23)
and its cut integral
pi(t) =
∫
γ
dx
x(x− t) , (24)
where γ is a cycle around the point x= t. Clearly we have
d
dx
(
1
t− x
)
=
1
x(x− t) + t
d
dt
(
1
x(x− t)
)
, (25)
therefore the integral pi(t) satisfies the differential equation
t
d
dt
pi(t)+pi(t) =
∫
γ
d
dx
(
1
t− x
)
= 0 , (26)
and the integral I1(t) satisfies
t
d
dt
I1(t)+ I1(t) =
∫ b
a
d
dx
(
1
t− x
)
=
1
b(b− t) −
1
a(a− t) . (27)
Changing variables from t to p2 or an internal mass will give the familiar differential
equation for the one-loop bubble that will be commented further in §3.4.
2.3.2 Elliptic curve
The second example is the differential equation for the period of an elliptic curve
E : y2z = x(x− z)(x− tz) which is the geometry of the two-loop sunset integral.
Consider the differential of the first kind on the elliptic curve
ω =
dx√
x(x−1)(x− t) , (28)
this form can be seen as a residue evaluated on the elliptic curve ω = ResEΩ of the
form on the projective space P2
Ω =
Ω0
y2z− x(x− z)(x− tz) . (29)
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where Ω0 = zdx∧dy+ ydz∧dx+ xdy∧dz is the natural top form on the projective
space [x : y : z]. Systematic ways of deriving Picard-Fuchs operators for elliptic curve
is given by Griffith’s algorithm [38]. Consider the second derivative with respect to
the parameter t
d2
dt2
Ω = 2
x2(x− z)2z2
(y2z− x(x− z)(x− tz))2Ω0 (30)
the numerator belongs to the Jacobian ideal2 of the polynomial p(x,y,z) := y2z−
x(x− z)(x− tz), J1 = 〈∂xp(x,y,z) = −3x2 + 2(t + 1)xz− tz22,∂yp(x,y,z) = 2yz,
∂zp(x,y,z) = (t+1)x2+ y2−2txz〉, since
x2(x− z)2z2 = m1x∂xp(x,y,z)+m1y∂yp(x,y,z)+m1z∂zp(x,y,z) . (31)
This implies that
d2
dt2
Ω =
∂xm1x+∂ym1y+∂zm1z
(y2z− x(x− z)(x− tz))2Ω0
+d
(
(ym1z − zm1y)dx+(zm1x− xm1z )dy+(xm1y− ym1x)dz
(y2z− x(x− z)(x− tz))2
)
(32)
therefore
d2
dt2
Ω + p1(t)
d
dt
Ω =
−p1(t)x(x− z)z+∂xm1x+∂ym1y+∂zm1z
(y2z− x(x− z)(x− tz))2 Ω0
+d
(
(ym1z − zm1y)dx+(zm1x− xm1z )dy+(xm1y− ym1x)dz
(y2z− x(x− z)(x− tz))2
)
. (33)
One easily derives that ∂xm1x+∂ym1y+∂zm1z is in the Jacobian ideal generated by J1
and x(x− z)z with the result that
∂xm1x+∂ym
1
y+∂zm
1
z = m
2
x∂xp(x,y,z)+m
2
y∂yp(x,y,z)+m
2
z∂zp(x,y,z)
+
2t−1
t(t−1)x(x− z)z, (34)
therefore p1(t) = 2t−1t(t−1) and the Picard-Fuchs operator reads
2 An ideal I of a ring R, is the subset I ⊂ R, such that 1) 0∈ I, 2) for all a,b∈ I then a+b∈ I, 3) for
a∈ I and b∈ R, a ·b∈ R. For P(x1, . . . ,xn) an homogeneous polynomial in R=C[x1, . . . ,xn] the Ja-
cobian ideal of P is the ideal generated by the first partial derivative {∂xiP(x1, . . . ,xn)} [39]. Given
a multivariate polynomial P(x1, . . . ,xn) its Jacobian ideal is easily evaluated using Singular
command jacob(P). The hypersuface P(x1, · · · ,xn) = 0 for an homogeneous polynomial, like
the Symanzik polynomials, is of codimension 1 in the projective space Pn−1. The singularities of
the hypersurface are determined by the irreducible factors of the polynomial. This determines the
cohomology of the complement of the graph hypersurface and the number of independent master
integrals as shown in [40].
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d2
dt2
Ω +
2t−1
t(t−1)
d
dt
Ω − ∂xm
2
x+∂ym2y+∂zm2z
(y2z− x(x− z)(x− tz))2Ω0 =
d
(
(ym1z − zm1y)dx+(zm1x− xm1z )dy+(xm1y− ym1x)dz
(y2z− x(x− z)(x− tz))2
)
+d
(
(ym2z − zm2y)dx+(zm2x− xm2z )dy+(xm2y− ym2x)dz
y2z− x(x− z)(x− tz)
)
. (35)
since ∂xm2x+∂ym2y+∂zm2z =− 14t(t−1) we have that(
4t(t−1) d
2
dt2
−4(2t−1) d
dt
+1
)
ω =−2∂x
(
y
(x− t)2
)
. (36)
For α and β a (sympletic) basis of H1(E ,Z) the period integrals ϖ1(t) :=
∫
α ω and
ϖ2(t) :=
∫
β ω both satisfy the differential equation(
4t(t−1) d
2
dt2
−4(1−2t) d
dt
+1
)
ϖi(t) = 0 . (37)
Again this differential operator acting on an integral with a different domain of
integration can lead to an homogeneous terms as this is case for the two-loop sunset
Feynman integral.
The all procedure is easily implemented in Singular [41] with the following
set of commands
In [1]: // Griffith-Dwork method for
deriving the Picard-Fuchs operator for the elliptic curve
y^2z=x(x-z)(x-tz)
In [2]: ring A=(0,t),(x,y,z),dp;
In [3]: poly f=y^2*z-x*(x-z)*(x-t*z);
In [4]: ideal I1=jacob(f); I1
Out[4]: I1[1]=-3*x2+(2t+2)*xz+(-t)*z2
I1[2]=2*yz
I1[3]=(t+1)*x2+y2+(-2t)*xz
In [5]: matrix M1=lift(I1,x^2*(x-z)^2*z^2); M1
Out[5]: M1[1,1]=2/(3t+3)*xz3
M1[2,1]=-1/(2t+2)*x2yz+1/(6t+6)*yz3
M1[3,1]=1/(t+1)*x2z2-1/(3t+3)*z4
In [6]: // checking the decomposition
x^2*(x-z)^2*z^2-M1[1,1]*I[1]-M1[2,1]*I[2]-M1[3,1]*I[3]
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Out[6]: 0
In [7]: poly dC1=diff(M[1,1],x)+diff(M[2,1],y)
+diff(M[3,1],z);
dC1
Out[7]: dC1=3/(t+1)*x2z-1/(t+1)*z3
In [8]: ideal I2=jacob(f),x*(x-z)*z;
In [9]: matrix M2=lift(I2,dC1); M2
Out[9]: M2[1,1]=1/(2t2+2t)*z
M2[2,1]=1/(4t2-4t)*y
M2[3,1]=-1/(2t2-2t)*z
M2[4,1]=(2t-1)/(t2-t)
In [10]: // checking the decomposition
dC1-M2[1,1]*I[1]-M2[2,1]*I[2]-M2[3,1]*I[3]
-M2[4,1]*x*(x-z)*z
Out[10]: 0
In [11]: poly dC2=diff(M2[1,1],x)+diff(M2[2,1],y)
+diff(M2[3,1],z);
dC2
Out[11]: -1/(4t2-4t)
3 Toric geometry and Feynman graphs
We will show how the toric approach provides a nice way to obtain this maximal cut
integral. The maximal cut integral piΓ (s,ξ 2,D) is the particular case of generalised
Euler integrals ∫
σ
r
∏
i=1
Pi(x1, . . . ,xn)αi
n
∏
i=1
xβii dxi (38)
studied by Gel’fand, Kapranov and Zelevinski (GKZ) in [42,43]. There Pi(x1, . . . ,xn)
are Laurent polynomials, αi and βi are complex numbers and σ is a cycle. The cycle
entering the maximal cut integral in (18) is the product of circles σ = {|x1|= |x2|=
· · · = |xn| = 1}. But other cycles arise when considering different cuts of Feynman
graphs. The GKZ approach provides a totally combinatorial approach to differential
equation satisfied by these integrals.
As well in the case when P(x,z) = ∑i zi1,...,ir∏
n
i=1 x
αi
i is the Laurent polynomial
defining a Calabi-Yau hypersurface {P(x,z) = 0}, Batyrev showed that there is one
canonical period integral [44, 45]
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Π(z) :=
1
(2ipi)n
∫
|x1|=···=|xn|=1
1
P(x,z)
n
∏
i=1
dxi
xi
. (39)
This corresponds to the maximal cut integral (18) In the case where ω = D/2 = 1
which is satisfied by the (n−1)-loop sunset integral D = 2 dimensions. The graph
hypersurface of the (n− 1)-loop sunset (see (47)) is always a Calabi-Yau (n− 1)-
fold. See for more comments about this at the end of §4.3.1. We refer to the re-
views [46, 47] for some introduction to toric geometry for physicts.
3.1 Toric polynomials and Feynman graphs
The second Symanzik polynomial F (s,ξ 2,x1, . . . ,xn) defined in (12) is a speciali-
sation of the homogeneous (toric) polynomial3 of degree l+1 at most quadratic in
each variables in the projective variables (x1, . . . ,xn) ∈ Pn−1
F toricl (z,x1, . . . ,xn) =U
tor
l (x1, . . . ,xn)
(
n
∑
i=1
ξ 2i xi
)
−V torl (x1, . . . ,xn), (40)
where for l ≤ n
U torl (x1, . . . ,xn) := ∑
0≤ri≤1
r1+···+rn=l
ui1,...,in
n
∏
i=1
xrii , (41)
where the coefficients ui1,...,in ∈ {0,1}. The expression in (40) is the most generic
form compatible with the properties of the Symanzik polynomials listed in §2.1.
There are n!(n−l)!l! independent coefficient in the polynomial U
tor
l (x1, . . . ,xn). Of
course this is a huge over counting, as this does not take into account the symmetries
of the graphs and the constraints on the non-vanishing of some coefficients. This will
be enough for the toric description we are using here. In order to keep most of the
combinatorial power of the toric approach we will only do the specialisation of the
3 Consider an homogeneous polynomial of degree d
P(z,x) = ∑
0≤ri≤n
r1+···+rn=d
zi1,...,in
n
∏
i=1
xrii
this is called a toric polynomial if it is invariant under the following actions
zi→
n
∏
j=1
t
αi j
i zi; xi→
n
∏
j=1
t
βi j
i xi
for (t1, . . . , tn)∈Cn and αi j and βi j integers. The second Symanzik polynomial have a natural torus
action acting on the mass parameters and the kinematic variables as we will see on some examples
below. We refer to the book [39] for more details.
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toric coefficients with the physical slice corresponding of Feynman graph polyno-
mial at the end on solutions. This will avoid having to think at constrained system
of differential equations which is a difficult problem discussed recently in [40].
The kinematics part has the toric polynomial
V torl (x1, . . . ,xn) := ∑
0≤ri≤1
r1+···+rn=l+1
zi1,...,in
n
∏
i=1
xrii , (42)
where the coefficients zi1,··· ,in ∈ C. The number of independent toric variables zi in
V tor(x1, . . . ,xn) is n!(n−l−1)!(l+1)! .
3.1.1 Some important special cases
There are few important special cases.
• At one-loop order l = 1 and the number of independent toric variables in
V tor(x1, . . . ,xn) is exactly the number of independent kinematics for an n-gon
one-loop amplitude
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In this case the most general toric one-loop polynomial is
F tor1 (x1, · · · ,xn) =
(
n
∑
i=1
xi
)(
n
∑
i=1
ξ 2i xi
)
−V tor1 (x1, · · · ,xn). (43)
• For l = n there is only one vertex the graph is n-bouquet which is a product of n
one-loop graphs. These graphs contribute to the reduced topologies entering the
determination of the inhomogeneous termSΓ of the Picard-Fuchs equation (19).
They don’t contribute to the maximal cut piΓ for l > 1.
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• The case l = n−1 corresponds to the (n−1)-loop two-point sunset graphs
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In that case the kinematic polynomial is just
V torn−1(x1, . . . ,xn) = z1,...,1x1 · · ·xn, (44)
and the toric polynomial
F torn−1(x1, . . . ,xn) = x1 · · ·xn
(
n
∑
i=1
u1,...,0,...,1
xi
)(
n
∑
i=1
ξ 2i xi
)
− z1,...,1x1 · · ·xn, (45)
where the index 0 in u1,...,0,...,1 is at position i. Actually by redefining the param-
eter z1,...,1 the generic toric polynomial associated to the sunset graph are
F tor (x1, . . . ,xn) = x1 · · ·xn
 ∑
1≤i, j≤n
i6= j
zi j
xi
x j
− z0
 , (46)
where zi j ∈C and z0 ∈C\{0}. This polynomial has 1−n+n2 parameters where
a sunset graph as n+1 physical parameters given by n masses and one kinematics
invariant
F l(p
2,ξ 2,x) = x1 · · ·xl+1
(
l+1
∑
i=1
1
xi
)(
l+1
∑
i=1
ξ 2i xi
)
− p2x1 · · ·xl+1 . (47)
So there are too many parameters from n≥ 3 but this generalisation will be useful
for the GKZ description used in the next sections.
3.2 The GKZ approach : a review
In the section we briefly review the GKZ construction based on [42, 43] see as
well [48]. We consider the Laurent polynomial of n− 1 variables P(z1, . . . ,zr) =
F torz,x1, . . . ,xn/(x1 · · ·xn) from the toric polynomial of §3.1. The coefficients of
monomials are zi (by homogeneity we set xn = 1)
P(z1, . . . ,zr) = ∑
a=(a1,...,an−1)∈A
za
n−1
∏
i=1
xaii , (48)
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with a= (a1, . . . ,an−1) is an element of A= (a1, . . . ,ar) a finite subset of Zn−1. The
number of elements in A is r the number of monomials in P(z1, . . . ,zr).
We consider the natural fundamental period integral [49]
Π(z) :=
1
(2ipi)n−1
∫
|x1|=···=|xn−1|=1
P(z1, . . . ,zr)m
n−1
∏
i=1
dxi
xi
, (49)
which is the same as maximal cut piΓ in (18) for D= 2ω =−m. The derivative with
respect to za reads
∂
∂ za
Π(z) =
1
(2ipi)n−1
∫
|x1|=···=|xn−1|=1
mP(z1, . . . ,zr)m−1
n−1
∏
i=1
xaii
dxi
xi
, (50)
therefore for every vector ` = (`1, . . . , `r) ∈ Zn−1 such that
`1+ · · ·+ `r = 0, `1a1+ · · ·+ `rar = ` ·A= 0, (51)
then holds the differential equation(
∏
li>0
∂ lizi −∏
li<0
∂−lizi
)
Π(z) = 0. (52)
Introducing the so-called A -hypergeometric functions4 ΦL,γ(z1, . . . ,zr) of r
complex variables (z1, . . . ,zr) ∈ Cr
ΦL,γ (z1, . . . ,zr) = ∑
(`1,...,`r)∈L
r
∏
j=1
z
γ j+` j
j
Γ (γ j+ ` j+1)
, (53)
depending on the complex parameters γ := (γ1, . . . ,γr) ∈ Cr and the lattice
L := {(`1, . . . , `r) ∈ Z|
r
∑
i=1
`iai = 0, `1+ · · ·+ `r = 0}, (54)
with r elements {a1, . . . ,ar} ∈ Zn. These functions are solutions of the so-called
A -hypergeometric system of differential equations given by a vector c ∈ Cn and :
• For every ` = (`1, . . . , `r) ∈ L there is one differential operator
2` := ∏
`i>0
∂ `izi −∏
`i<0
∂−`izi , (55)
such that 2`ΦL,γ(z1, . . . ,zr) = 0
• n differential operators E := (E1, . . . ,En−1)
4 The convergence of these series is discussed in [50, §3-2] and [48, §5.2].
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E := a1z1
∂
∂ z1
+ · · ·+arzr ∂∂ zr , (56)
such that for c= (c1, . . . ,cn−1) we have
(E− c)ΦL,γ(z1, . . . ,zr) = 0. (57)
Notice that E1 = ∑ni=1 zi
∂
∂ zi
is the Euler operator and c1 is the degree of homo-
geneity of the hypergeometric function.
These operators satisfy the commutation relations
zuE−Ezu =−(A ·u)zu,
∂ uz E−E∂ uz = (A ·u)∂ uz , (58)
with zu :=∏ri=1 zurr and ∂ uz :=∏
r
i=1 ∂ urzr .
Using the GKZ construction one can easily derive a system of differential op-
erator annihilating the maximal of any Feynman integral after identification of the
toric variables with the physical parameters. The system of differential operators ob-
tained from the GKZ system can be massaged into a set of Picard-Fuchs differential
operators in a spirit similar to the one used in mirror symmetry [22, 39, 51].
Since it is rather complicated to restrict differential operators but it is easier to
restrict functions, it is therefore preferable to determine the A -hypergeometric rep-
resentation of the maximal cut integral and derive the minimal differential operator
annihilating this integral. For well chosen vector ` ∈ L the differential operator fac-
torises with a factor being given by the minimal (Picard-Fuchs) differential operator
acting on the Feynman integral.
An important remark is that the maximal cut integral
piΓ =
∫
|x1|=···=|xn−1|=1
1
FΓ
n−1
∏
i=1
dxi, (59)
is a particular case of fundamental period Π(z) in (49) with m = −1 and therefore
is given by aA -hypergeometric function once we have identified the toric variables
zi with the physical parameters.
In the next section we illustrate this approach on some simple but fundamental
examples.
3.3 Hypergeometric functions and GKZ system
The relation between hypergeometric functions and the GKZ differential system can
be simply understood as follows (see [48, 52, 53]).
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3.3.1 The Gauß hypergeometric series
Consider the case of L= (1,1,−1,1)Z⊂Z4 and the vector γ = (0,c−1,−a,−b)∈
C4 and c a positive integer. The GKZ hypergeometric function is
ΦL,γ(u1, . . . ,u4) = ∑
n∈Z
un1u
1−c+n
2 u
−a−n
3 u
−b−n
4
Γ (1+n)Γ (c+n)Γ (1−n−a)Γ (1−n−b) , (60)
which can be rewritten as
ΦL,γ(u1, . . . ,u4) =
uc−12 u
−a
3 u
−b
4
Γ (c)Γ (1−a)Γ (1−b) 2F1
(
a, b
c
∣∣∣u1u2
u3u4
)
. (61)
The GKZ system is (
∂ 2
∂u1∂u2
− ∂
2
∂u3∂u4
)
ΦL,γ(u1, . . . ,u4) = 0,(
u1
∂
∂u1
−u2 ∂∂u2 +1− c
)
ΦL,γ(u1, . . . ,u4) = 0,(
u1
∂
∂u1
+u3
∂
∂u3
+a
)
ΦL,γ(u1, . . . ,u4) = 0,(
u1
∂
∂u1
+u4
∂
∂u4
+b
)
ΦL,γ(u1, . . . ,u4) = 0 . (62)
By differentiating we find(
u2
∂ 2
∂u1∂u2
−u1 ∂
2
∂u21
+ c
∂
∂u1
)
ΦL,γ(u1, . . . ,u4) = 0,(
u3u4
∂ 2
∂u3∂u4
−
(
u1
∂
∂u1
+a
)(
u1
∂
∂u1
+b
))
ΦL,γ(u1, . . . ,u4) = 0 . (63)
combining these equations one finds(
u21
∂
∂u1
+(1+a+b)u1
∂
∂u1
+ab
)
ΦL,γ(u1, . . . ,u4)
=
u3u4
u2
(
u1
∂ 2
∂u21
+ c
∂
∂u1
)
ΦL,γ(u1, . . . ,u4). (64)
Setting F(z) = Γ (c)Γ (1− a)Γ (1− b)ΦL,γ(z,1,1,1) gives that F(z) = 2F1( abc |z)
satisfies the Gauß hypergeometric differential equation
z(z−1)d
2F(z)
dz2
+((a+b+1)z+ c)
dF(z)
dz
+abF(z) = 0 . (65)
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3.4 The massive one-loop graph
In this section we show how to apply the GKZ formalism on the one-loop bubble
integral
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3.4.1 Maximal cut
The one-loop sunset (or bubble) graph as the graph polynomial
F◦(x1,x2, t,ξ 21 ,ξ
2
2 ) = p
2x1x2− (ξ 21 x1+ξ 22 x2)(x1+ x2) . (66)
The most general toric degree two polynomial in P2 with at most degree two mono-
mial is given by
F tor◦ (x1,x2,z1,z2,z3) = z1x
2
1+ z2x
2
2+ z3x1x2 . (67)
This toric polynomial has three parameters which is exactly the number of indepen-
dent physical parameters. The identification of the variables is given by
z1 =−ξ 21 , z2 =−ξ 22 , z3 = p2− (ξ 21 +ξ 22 ) , (68)
We consider the equivalent toric Laurent polynomial
P(x1,x2) =
F tor◦
x1x2
=
3
∑
i=1
zix
a1i
1 x
a2i
2 , (69)
so that p2 in (66) corresponds to the constant term (or the origin the Newton poly-
tope) and setting ai = (1,a1i ,a2i ) we have
A◦ =
a1a2
a3
=
1 −1 11 1 −1
1 0 0
 . (70)
The lattice is defined by
L◦ := {` := (`1, `2, `3) ∈ Z3|`1a1+ `2a2+ `3a3 = ` ·A◦ = 0} . (71)
This means that the elements of L◦ are in the kernel of A◦. This lattice in Z3 has
rank one
L◦ = (1,1,−2)Z . (72)
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Notice that all the elements automatically satisfy the condition `1+ `2+ `3 = 0.
Because the rank is one the GKZ system of differential equations is given by
e1 :=
∂ 2
∂ z1∂ z2
− ∂
2
(∂ z3)2
,
d1 :=
3
∑
r=1
zr
∂
∂ zr
,
d2 := z1
∂
∂ z1
− z2 ∂∂ z2 , (73)
By construction for α ∈ C
e1(F tor◦ )
α = 0,
d1(F tor◦ )
α = α (F tor◦ )
α , (74)
and
d2(F tor◦ )
α =
1
2
(
∂x1(x1(F
tor
◦ )
α)−∂x2(x2(F tor◦ )α)
)
, (75)
therefore the action of the derivative d2 vanishes on the integral but not the integrand
d2
∫
γ
(F tor◦ )
α = 0 for ∂γ = /0 . (76)
The GKZ hypergeometric series is defined as for γi 6∈ Z
Φ◦L,γ = ∑
`∈L◦
3
∏
i=1
zli+γii
Γ (li+ γi+1)
, (77)
in this sum we have ` = n(1,1,−2) with n ∈ Z, and the condition ∑3i=1 γiai =
(0,0,−1) which can be solved using γ = (γ1,γ2,γ3) = γ(1,1,−2)+(0,0,−1), lead-
ing to
Φ◦L,γ =
1
z3
∑
n∈Z
un1
Γ (n+ γ+1)2Γ (−2n+ γ) , (78)
where we have introduced the new toric coordinate
u1 :=
z1z2
z23
=
ξ 21 ξ
2
2(
p2− (ξ 21 +ξ 22 )
)2 . (79)
This is the natural coordinate dictated by the invariance of the period integral under
the transformation (x1,x2)→ (λx1,λx2) and (z1,z2,z3)→ (z1/λ ,z2/λ ,z3/λ ).
This GKZ hypergeometric function is a combination of 3F2 hypergeometric func-
tions
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Φ◦L,γ =
1
z1−2γ3
(
uγ−11
Γ (γ)Γ (γ+2) 3
F2
(
1, 1− γ, 1− γ
1+ γ2 ,
3
2 +
γ
2
∣∣∣ 1
4u1
)
+
uγ1
Γ (γ+1)2 3
F2
(
1, 12 − γ2 , 12 − γ2
1+ γ, 1+ γ
∣∣∣4u1)) . (80)
For γ = 0 the series is trivially zero as the system is resonant and needs to be
regularised [50, 54] . The regularisation is to use the functional equation for the
Γ -function Γ (z)Γ (1− z) = pi/sin(piz) to replace the pole term by
lim
ε→0
Γ (ε)
Γ (−2n+ ε) = Γ (1+2n), n ∈ Z\{0}, (81)
and write the associated regulated period as
pi◦ = lim
ε→0
1
z3
∑
n∈N
un1Γ (ε)
Γ (n+1)2Γ (−2n+ ε) , (82)
which is easily shown to be
pi◦(z1,z2,z3) =
1
z3
2F1
( 1
2 1
1
∣∣∣4u1)= 1√
z23−4z1z2
,
=
1√
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2)
. (83)
This expression of course matches the expression for the maximal cut (18) integral
pi◦(p2,ξ 21 ,ξ
2
2 ,2) in two dimensions
pi◦(p2,ξ 21 ,ξ
2
2 ,2) =
1
(2ipi)2
∫
|x1|=|x2|=1
dx1dx2
F◦(x1,x2)
. (84)
3.4.2 The differential operator
From the expression of the maximal cut pi◦ in (83) as an hypergeometric series,
which satisfies a second order differential equation (65), we can extract a differ-
ential operator with respect to p2 or the masses ξ 2i annihilating the maximal cut.
This differential equation is not the minimal one as it can be factorised leaving
minimal order differential operators are annihilating the maximal cut are such that
L◦PF,(1)pi◦(p
2,ξ 21 ,ξ
2
2 ) = 0 and L
◦
PF,(2)pi◦(p
2,ξ 21 ,ξ
2
2 ) = 0 with
L◦PF,(1) = p
2 d
dp2
+
p2(p2−ξ 21 −ξ 22 )
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2) , (85)
and
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L◦PF,(2) = ξ
2
1
d
dξ 21
− ξ
2
1 (p
2−ξ 21 +ξ 22 )
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2) , (86)
with of course a similar operator with the exchange of ξ1 and ξ2. These operators
do not annihilate the integrand but lead to total derivatives
L◦PF,(1)
1
F◦(x, p2,ξ 2)
= ∂x1
(
p2(2ξ 22 − (p2− (ξ 21 +ξ 22 ))x1)
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2)F2(x1,1, p2,ξ 2)
)
,
(87)
and
L◦PF,(2)
1
F◦(x, p2,ξ 2)
= ∂x1
(
((p2−ξ 22 )2−ξ 21 (p2+ξ 22 ))x1−ξ 22 (p2+ξ 21 −ξ 22 )
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2)F2(x1,1, p2,ξ 2)
)
.
(88)
These operators can be obtained from the operator td/dt+1 derived in §2.3.1 and
the change of variables t =
√
(p2−ξ 21−ξ 22 )
2−4ξ 21 ξ 22
ξ 21
. For the boundary term one needs
to pay attention that the shift induces a dependence on the physical parameters in
the domain of integration.
3.4.3 The massive one-loop sunset Feynman integral
Having determined the differential operators acting on the maximal cut it is now
easy to obtain the action of these operators on the one-loop integral. The action of
the Picard-Fuchs operators on the Feynman integral I◦(p2,ξ 21 ,ξ
2
2 ,2) are given by
L◦PF,(1) I◦(p
2,ξ 21 ,ξ
2
2 ,2) =−
2
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2) , (89)
and
L◦PF,(2) I◦(p
2,ξ 21 ,ξ
2
2 ,2) =
ξ 21 −ξ 22 − p2
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2) . (90)
It is then easy to obtain that in D = 2 dimensions the one-loop massive bubble
evaluates to
I◦(p2,ξ 21 ,ξ
2
2 ) =
1√
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2)
× log
(
p2− (ξ 21 +ξ 22 )−
√
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2)
p2− (ξ 21 +ξ 22 )+
√
(p2− (ξ1+ξ2)2)(p2− (ξ1−ξ2)2)
)
. (91)
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3.5 The two-loop sunset
The sunset graph polynomial is the most general cubic in P2 with maximal order
two degree for each variables
F(x1,x2,x3, t,ξ 2) = x1x2x3
(
p2− (ξ 21 x1+ξ 22 x2+ξ 23 x3)
(
1
x1
+
1
x2
+
1
x3
))
,
(92)
which corresponds to the toric polynomial
F tor = x1x2x3
(
x3z1
x1
+
x2z2
x1
+
x3z3
x2
+
x1z4
x3
+
x2z5
x3
+
x1z6
x2
+ z7
)
. (93)
To the contrary to the one-loop case there are more toric parameters zi than physical
variables. The identification of the physical variables is
−ξ 21 = z4 = z6, −ξ 22 = z2 = z5, −ξ 23 = z1 = z3, p2− (ξ 21 +ξ 22 +ξ 23 ) = z7,
(94)
As before writing the toric polynomial as
P =
7
∑
i=1
zix
a1i
1 x
a2i
2 x
a3i
3 , (95)
and setting ai = (1,a1i ,a2i ,a3i ) we have
A =
a1...
a7
=

1 −1 0 1
1 −1 1 0
1 0 −1 1
1 1 0 −1
1 0 1 −1
1 1 −1 0
1 0 0 0

, (96)
The lattice is now defined by
L := {` := (`1, . . . , `7) ∈ Z7|`1a1+ · · ·+ `7a7 = ` ·A = 0} . (97)
This lattice in Z7 has rank four L =⊕4i=1LiZ with the basisL1...
L4
=

1 0 0 0 1 1 −3
0 1 0 0 0 1 −2
0 0 1 0 1 0 −2
0 0 0 1 −1 −1 1
 , (98)
From this we derive the sunset GKZ system
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e1 :=
∂ 3
∂ z1∂ z5∂ z6
− ∂
3
(∂ z7)3
,
e2 :=
∂ 2
∂ z2∂ z6
− ∂
2
(∂ z7)2
,
e3 :=
∂ 2
∂ z3∂ z5
− ∂
2
(∂ z7)2
,
e4 :=
∂ 2
∂ z4∂ z7
− ∂
2
∂ z5∂ z6
(99)
by construction ei(F tor )
α = 0 with α ∈C for 1≤ i≤ 4. We have as well this second
set of operators from the operators
d1 :=
7
∑
r=1
zr
∂
∂ zr
,
d2 := z1
∂
∂ z1
+ z2
∂
∂ z2
− z4 ∂∂ z4 − z6
∂
∂ z6
,
d3 := z2
∂
∂ z2
− z3 ∂∂ z3 + z5
∂
∂ z5
− z6 ∂∂ z6 ,
d4 := z1
∂
∂ z1
+ z3
∂
∂ z3
− z4 ∂∂ z4 − z5
∂
∂ z5
(100)
The interpretation of these operators is the following
• The Euler operator d1Fαtor = αFαtor for α ∈ C.
• To derive the action of these operators on the maximal cut period integral
pi tor (z1, . . . ,z7) =
1
(2ipi)3
∫
γ
1
F tor
3
∏
i=1
dxi , (101)
we remark that ifF tor = x1x2x3P we have
d
(
1
P
dx1
x1
)
=
−z1x1/x2+ z3x2+ z4x2/x1− z6/x2
P2
dx1
x1
∧ dx2
x2
,
d
(
1
P
dx1
x1
)
=− z1x1/x2+ z2x1− z4x2/x1− z5/x1
P2
dx1
x1
∧ dx2
x2
, (102)
therefore since the cycle γ has no boundary
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d2pi tor =
∫
γ
d
(
1
P
dx1
x1
)
= 0,
d3pi tor =−
∫
γ
d
(
1
P
dx2
x2
)
= 0,
d4pi tor =
∫
γ
d
(
1
P
(
dx1
x1
+
dx2
x2
))
= 0 . (103)
• The natural toric coordinates are
u1 :=
z1z5z6
z37
, u2 :=
z2z6
z27
, u3 :=
z3z5
z27
, u4 :=
z4z7
z5z6
, (104)
which reads in terms of the physical parameters
u2 =
ξ 21 ξ
2
2(
p2− (ξ 21 +ξ 22 +ξ 23 )
)2 , u3 = ξ 22 ξ 23(p2− (ξ 21 +ξ 22 +ξ 23 ))2 ,
u4 =
p2− (ξ 21 +ξ 22 +ξ 23 )
ξ 22
, u1 = u2u3u4. (105)
They are the natural variables associated with the toric symmetries of the period
integral
(x1,x2)→ (λx1,x2), (z1,z2,z3,z4,z5,z6,z7)→ (z1/λ ,z2/λ ,z3,z4λ ,z5λ ,z6,z7),
(x1,x2)→ (x1,λx2), (z1,z2,z3,z4,z5,z6,z7)→ (z1λ ,z2,z3/λ ,z4/λ ,z5,z6λ ,z7),
(x1,x2)→ (λx1,λx2), (z1,z2,z3,z4,z5,z6,z7)→ (z1,z2/λ ,z3/λ ,z4,z5λ ,z6λ ,z7).
(106)
The sunset GKZ hypergeometric series is defined as for γi 6∈ Z with 1≤ i≤ 7
ΦL,γ (z1, . . . ,z7) = ∑
`∈L
7
∏
i=1
zli+γii
Γ (li+ γi+1)
, (107)
in this sum we have ` = ∑4i=1 niLi with ni ∈ Z, and the condition ∑7i=1 γiai =
(−1,0,0,0) which can be solved using γ = (γ1, . . . ,γ7) =∑4i=1 γiLi+(0, . . . ,0,−1).
Using the leading to toric variables the solution reads
ΦL,γ (z1, . . . ,z7) =
1
z7
∑
(n1,...,n4)∈Z
un1+γ11 u
n2+γ2
2 u
n3+γ3
3 u
n4+γ4
4
∏4i=1Γ (ni+ γi+1)
×
× 1
Γ (n1+n2−n4+ γ1+ γ2− γ4+1)Γ (n1+n3−n4+ γ1+ γ3− γ4+1)
× 1
Γ (−3n1−2n2−2n3+n4−3γ1−2γ2−2γ3+ γ4) . (108)
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With γ = (0,0,0,0,0,0,0) the series is trivially zero as being resonant. The resolu-
tion is to the regularise the term has a zero by using for `7 < 0
lim
ε→0
Γ (ε)
Γ (`7+ ε)
= (−1)`7Γ (1− `7) , (109)
and write the associated regulated period as
pi(2) (p
2,ξ 2) = lim
ε→0 ∑
(n1,n2,n3,n4)∈N
(ξ 21 )
n1+n2(ξ 22 )
n1+n2+n3−n4(ξ 23 )
n1+n3
∏4i=1Γ (1+ni)
× (p
2− (ξ 21 +ξ 22 +ξ 23 ))−3n1−2n2−2n3+n4−1(−1)−3n1−2n2−2n3+n4Γ (ε)
Γ (1+n1+n2−n4)Γ (1+n1+n3−n4)Γ (−3n1−2n2−2n3+n4+ ε) . (110)
One can expand this expression as a series near t = ∞ to get that
pi(2) (p
2,ξ 21 ,ξ
2
2 ,ξ
2
3 ) = ∑
n≥0
(p2)−n−1 ∑
n1+n2+n3=n
(
n!
n1!n2!n3!
)2
ξ 2n11 ξ
2n2
2 ξ
2n3
3 , (111)
which is the series expansion of the maximal cut integral
pi(2) (p
2,ξ 2) =
1
(2ipi)3
∫
γ
1
F
3
∏
i=1
dxi , (112)
where γ = {|x1| = |x2| = |x3| = 1}. The construction generalises easily to the case
of the higher loop sunset integral in an easy way [55].
3.5.1 The differential operators
Now that we have the expression for the maximal cut it is easy to derive the min-
imal order differential operator annihilating this period. There are various methods
to derive the Picard-Fuchs operator from the maximal cut. One method is to use the
series expansion of the period around s= 1/t = 0. Another method is to reduce the
GKZ system of differential operator in similar fashion as shown for the hypergeo-
metric function in §3.3.1. This method leads to a fourth order differential operator
which factorises a minimal second order operator. We notice that this approach is
similar to the integration-by-part based approach
The minimal order differential operator is of second order
L PF =
(
p2
d
dp2
)2
+q1(p2,ξ 2)
(
p2
d
dp2
)
+q0(p2,ξ 2) , (113)
with the coefficients given in [20,56]. The action of this differential operator on the
maximal cut is given by
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L PFpi
(2)
 =
1
(2ipi)3
∫
γ
L PF
1
F
3
∏
i=1
dxi =
1
(2ipi)3
∫
γ
(
3
∑
i=1
∂iβi
)
3
∏
i=1
dxi = 0 . (114)
The action of this operator on the Feynman integral is given by then we find that
that full differential operator acting on the two-loop sunset integral is given by
L PF I(p
2,ξ 2) =
∫
x1≥0
x2≥0
(
3
∑
i=1
∂iβi
)
δ (x3 = 1)
3
∏
i=1
dxi =S , (115)
where the inhomogeneous term reads
S = Y(p2,ξ 2)+ c1(p2,ξ 2) log
(
m21
m23
)
+ c2(p2,ξ 2) log
(
m22
m23
)
, (116)
with the Yukawa coupling5
Y(p2,ξ 2) =
6(p2)2−4p2(ξ 21 +ξ 22 +ξ 23 )−2∏4i=1 µi
(p2)2∏4=1(p2−µ2i )
, (117)
where (µ1, . . . ,µ4) = ((−ξ1 + ξ2 + ξ3)2),(ξ1− ξ2 + ξ3)2),(ξ1 + ξ2− ξ3)2),(ξ1 +
ξ2+ξ3)2)). A geometric interpretation is the integral [20]
Y(p2,ξ 2) =
∫
E
Ω∧ p2 dp2Ω , (118)
where Ω is the sunset residue differential form
Ω = ResE=0
x1dx2∧dx3+ x3dx1∧dx2+ x2dx3∧dx1
F
, (119)
on the sunset elliptic curve
E := {p2x1x2x3− (ξ 21 x1+ξ 22 x2+ξ 23 x3)(x1x2+ x1x3+ x2x3)|(x1,x2,x3) ∈ P2} .
(120)
The Yukawa coupling satisfies the differential equation
p2
d
p2
Y(t) = (2−q1(p2,ξ 2))Y(p2,ξ 2) . (121)
The coefficients c1 and c2 in (116) are the integral of the residue one form between
the marked points on Q1 = [0,−ξ 23 ,ξ 22 ], Q2 = [−ξ 23 ,0,ξ 21 ] and Q3 = [−ξ 22 ,ξ 21 ,0] on
the elliptic curve [20]
5 This quantity is the usual Yukawa coupling of particle physics and string theory compactifica-
tion. The Yukawa coupling is determined geometrically by the integral of the wedge product of
differential forms over particular cycles [57]. The Yukawa couplings which depend non-trivially
on the internal geometry appear naturally in the differential equations satisfied by the periods of
the underlying geometry as explained for instance in these reviews [46, 58].
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c1(p2,ξ 2) := p2
d
p2
∫ Q3
Q1
Ω, c2(p2,ξ 2) := p2
d
p2
∫ Q3
Q2
Ω . (122)
3.6 The generic case
In this section we show how to determine the differential equation for the l-loop
sunset integral from the knowledge of the maximal cut. The maximal cut of the
l-loop sunset integral is given by
pi(l) (p
2,ξ 2) = ∑
n≥0
t−n−1A(l,n,ξ 21 , . . . ,ξ
2
l+1) , (123)
with
A(l,n,ξ 21 , · · · ,ξ 2l+1) := ∑
r1+···+rl+1=n
(
n!
r1! · · ·rl+1!
)2 l+1
∏
i=1
ξ 2rii . (124)
3.6.1 The all equal mass case
For the all equal mass case one can easily determine the differential equation to all
order [26] using the Bessel integral representation of [9]. We present here a different
derivation.
For the all equal masses the coefficient of the maximal cut satisfies a nice recur-
sion [59]
∑
k≥0
nl+2 ∑
1≤i≤k
∑
ai+bi=l+2
1<ai+1+1<ai≤l+1
k
∏
i=1
(−aibi)
(
n− i
n− i+1
)ai−1 A(l,n− k,1) = 0,
(125)
where ai ∈N. Standard method gives that the associated differential operator acting
on tpi l(t,1, . . . ,1) = ∑n≥0(p2)−nA(l+1,n,1, . . . ,1) reads
L
(l),1mass
PF, = ∑
k≥0
(p2)k ∑
1≤i≤k
∑
ai+bi=l+2,ak+1=0
1<ai+1+1<ai≤l+1
(
k− p2 d
p2
)l+2−a1
×
k
∏
i=1
(−aibi)
(
k− i− p2 d
dp2
)ai−ai+1
. (126)
This operator has been derived in [26, §9] using different method.
They are differential operators of order l, the loop order, in d/dp2 and the coef-
ficients are polynomials of degree l+1
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L
(l),1mass
PF = (−p2)dl/2e−1
bl/2c+1
∏
i=1
(p2−µ2i )
(
d
dp2
)l
+ · · · (127)
where µ2i := (±1± 1 · · · ± 1)2 is the set of the different thresholds. The operator
L
(2),1mass
PF is the Picard-Fuchs operator of the family of elliptic curves for Γ1(6)
for the all equal mass sunset [60], the operator L (3),1massPF of the family of K3 sur-
faces [61]. Having determined the Picard-Fuchs operator it is not difficult to derive
its action on the Feynman integral with the result that [26]
L
(l),1mass
PF (I(p
2,1, . . . ,1)) =−(l+1)! . (128)
3.6.2 The general mass case
For unequal masses the recursion relation does not close only on the coefficients (124)
and no simple closed formula is known for the differential operator on the maximal
cut. The minimal differential operator annihilating the pi(l) (t,ξ
2) can be obtained
using the GKZ hypergeometric function discussed in the previous section.
For the l-loop sunset integral the GKZ lattice has rank l2, L = ∑l
2
i=1 niLi. For
instance for the three-loop sunset the regulated hypergeometric series representation
of the maximal cut reads
pi(3) (p
2,ξ 2) =− lim
ε→0 ∑
(n1,...,n9)∈N9
(ξ 21 )
n1+n2+n3(ξ 22 )
n1+n3+n4+n6−n7−n8+n9
∏9i=1Γ (1+ni)
× (ξ
2
3 )
n2+n5+n8(ξ 24 )
n1+n4+n6
Γ (n1+n4+n6−n7−n8+1)Γ (n2+n5−n6+n8−n9+1)
×
Γ (n1+n3−n5+n6−n7−n8+n9+1)
× (−p
2+ξ 21 +ξ
2
2 +ξ
2
3 +ξ
2
4 )
−3n1−2n2−2n3−2n4−n5−2n6+n7−n9−1Γ (ε)
Γ (−3n1−2n2−2n3−2n4−n5−2n6+n7−n9+ ε) . (129)
The minimal order differential operator annihilating the maximal cut p2pi(3) (p2,ξ
2)
with generic mass configurations, ξ1 6= ξ2 6= ξ3 6= ξ4 and all the masses non vanish-
ing, is an operator of order 6, with polynomial coefficients ck(t) of degree up to 29
L3PF, =
6
∑
k=0
ck(t)
(
t
d
t
)k
. (130)
For instance the differential operator for the mass configuration ξi = i with 1≤ i≤ 4
is given by
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c6 = (t−100)(t−36)(t−64)(t−4)2(t−16)2
× (345t12−10275t11+243243t10+700860t9−289019444t8+9517886160t7
−169244843904t6+2163112875520t5−24375264125952t4
+198627459010560t3−896517312217088t2
+1570362910310400t−1192050032640000), (131)
and
c5 = (t−4)(t−16)
(
7245t17−1461150t16+108842709t15−4073021820t14
+79037467036t13+706049613520t12−122977114948800t11
+4897976525794560t10−118057966435402752t9
+2042520337021317120t8−28129034886941589504t7
+321784682881513881600t6−2877522528057659228160t5
+17978948962533528043520t4−69950845277551433089024t3
+151178557780128065126400t2−182250696371318292480000t
+96676211287130112000000
)
,
(132)
and
c4 = 2
(
23460t19−4086975t18+273974766t17−9833465295t16
+173874227860t15+3780156754180t14
−419091386081744t13+16647873781420800t12
−425729411677916160t11+8098824799795968000t10
−125136842089603031040t9+1631034274362173030400t8
+17364390414642101354496t7+140612615518097533829120t6
−807868060015143792148480t5+3100095209313936311582720t4
−7563751451192001262780416t3+11448586013594218187980800t2
−9812428506034109153280000t+3374878648568905728000000), (133)
and
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c3 = 12
(
8970t19−1147050t18+56442264t17−1477273050t16−447578647t15
+2416587481200t14−130189239609348t13+4001396495500560t12
−86975712270293184t11+1511724058206439680t10
−22690173944998831104t9+289974679497600921600t8
−2900762618196498137088t7+20882244400635484241920t6
−101090327023260610854912t5+308760428925736546467840t4
−559057237244267332632576t3+533177283118109609164800t2
−133034777312420167680000t−140619943690371072000000),
(134)
and
c2 = 24
(
3105t19−260100t18+8740695t17−121279200t16−8982728081t15
+771645247175t14−29786960482306t13+741851366254700t12
−14140682364004072t11+237224880534337760t10
−3605462277123620992t9+44725169880349560320t8
−405767142088142927872t7+2549108215435181793280t6
−11307241496864563101696t5+40972781273200446013440t4
−141797614014479525216256t3+363118631232748702924800t2
−415180490608717332480000t+210929915535556608000000),
(135)
and
c1 = 24
(
345t19−15000t18+345675t17+7323600t16−3165461083t15
+184943420750t14−5084383561348t13+91042473303800t12
−1344824163401536t11+17444484465759680t10
−146155444722244096t9−426434786380119040t8
+31798683088486989824t7−488483076656283893760t6
+5136134162164414021632t5−40834519838668015534080t4
+222597043391679285952512t3−685074395310881085849600t2
+830360981217434664960000t−421859831071113216000000), (136)
and
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c0 = 1728
(
21908444t15−1482071825t14+40507170144t13−668436089250t12
+8209054542408t11−65000176183240t10−503218239747392t9
+31962708303867520t8−619576476284137472t7+7554395788685281280t6
−73455221906789646336t5+571135922816871792640t4
−3095113137012548304896t3+9514922157095570636800t2
−11532791405797703680000t+5859164320432128000000) .
(137)
A systematic study of the differential operators for the l loop sunset integral will
appear in [55].
4 Analytic evaluations for sunset integral
In this section we give different analytic expressions for the two-loop sunset integral.
In one form the two-loop sunset integral is given by an elliptic dilogarithm as review
in §4.1 or as a ordinary trilogarithm as review in §4.1. In §4.3 we explain that the
equivalence between the two expressions is a manifestation of the mirror symmetry
proven in [20].
4.1 The sunset integral as an elliptic dilogarithm
The geometry of the graph hypersurface is a family of elliptic curves
E := {p2x1x2x3− (ξ 21 x1+ξ 22 x2+ξ 23 x3)(x1x2+ x1x3+ x2x3)|(x1,x2,x3) ∈ P2} .
(138)
One can use the information from the geometry of the graph polynomial and use a
parameterisation of the physical variables making the geometry of the elliptic curve
explicit.
The elliptic curve E can be represented as C×/qZ where q= exp(2ipiτ) and τ is
the period ratio of the elliptic curve. There a six special points on the elliptic curve
E the three points that intersect the domain of integration
P1 := [1,0,0], P2 := [0,1,0], P3 := [0,0,1], (139)
and three other points outside the domain of integration
Q1 := [0,−ξ 23 ,ξ 22 ], Q2 := [−ξ 23 ,0,ξ 21 ], Q3 := [−ξ 21 ,ξ 22 ,0]. (140)
If one denotes by x(Pi) the image of the point Pi in C×/qZ and x(Qi) the image of
the point Qi we have x(Pi) =−x(Qi) with i= 1,2,3
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θ1(x(Pi)/x(Pj))
θc(x(Pi)/x(Pj))
)2
=
ξk√
tξiξ j
, (141)
with (i, j,k) a permutation of (1,2,3) and c a permutation of (2,3,4).6 It was shown
in [20] that the sunset Feynman integral is given by
I(p2,ξ 2)≡ iϖrpi
(
Eˆ2
(
x(P1)
x(P2)
)
+ Eˆ2
(
x(P2)
x(P3)
)
+ Eˆ2
(
x(P3)
x(P1)
))
mod periods ,
(142)
where Eˆ2(x) is the elliptic dilogarithm
Eˆ2(x) = ∑
n≥0
(Li2 (q
nx)−Li2 (−qnx))−∑
n≥1
(Li2 (q
n/x)−Li2 (−qn/x)) . (143)
The J-invariant of the sunset elliptic curve is
J = 256
(3−u2)3
4−u2
, (144)
where the Hauptmodul is
u =
(p2−ξ 21 −ξ 22 −ξ 23 )2−4(ξ 21 ξ 22 +ξ 21 ξ 23 +ξ 22 ξ 23 )√
16tξ 21 ξ
2
2 ξ
2
3
, (145)
given in term of Jacobi theta functions
u3,4 =
θ 43 +θ
4
4
θ 23 θ
2
4
, u2,3 =−
θ 43 +θ
4
2
θ 23 θ
2
2
, u2,4 = i
θ 42 −θ 44
θ 22 θ
2
4
, (146)
and the period is given for each pair (a,b) = (3,4),(2,3),(2,4) by
ϖr =
t
1
4 piθaθb
(ξ 21 ξ
2
2 ξ
2
3 )
1
4
, (147)
is the elliptic curve period which is real on the line t < (ξ1+ξ2+ξ3)2.
By using the dilogarithm functional equations one can bring the expression (142)
in a form similar to the one used in [62]
3
∑
i=1
∑
n∈Z
Li2(qnxi) . (148)
This representation needs to be properly regularised as discussed in [62] whereas
the representation in (143) is a converging sum. An equivalent representation used
6 The Jacobi theta functions are defined by θ2(q) := 2q
1
8 ∏n≥1(1 − qn)(1 + qn)2, θ3(q) :=
∏n≥1(1−qn)(1+qn−
1
2 )2 and θ4(q) :=∏n≥1(1−qn)(1−qn−
1
2 )2.
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multiple elliptic polylogarithms [14–19] this representation has the advantage of
generalising to other graphs [63–68].
For the all equal masses case, 1 = ξ1 = ξ2 = ξ3, the family of elliptic curves
E := {p2x1x2x3− (x1+x2+x3)(x1x2+x1x3+x2x3) = 0|(x1,x2,x3) ∈ P2}, (149)
defines a pencil of elliptic curves in P2 corresponding to a modular family of elliptic
curves f : E→ X1(6) = {τ ∈C|ℑm(τ)> 0}/Γ1(6) (see [60]). When all the masses
are equal the map is easier since the elliptic curve is a modular curve for Γ1(6) and
the coordinates of the points are mapped to sixth root of unity x(Pr) = e
2ipir
6 and
x(Qr) =−e 2ipir6 with r = 1,2,3.
The integral is expressed as the following combination of elliptic dilogarithms
I(p2,1,1,1) = ϖr(t)(ipi− logq)−6ϖr(p
2)
pi
E(q) , (150)
where the Hauptmodul
p2 = 9+72
η(q2)
η(q3)
(
η(q6)
η(q)
)5
, (151)
and the real period for p2 < ξ 21 +ξ
2
2 +ξ
2
3
ϖr(p2) =
pi√
3
η(q)6η(q6)
η(q2)3η(q3)2
. (152)
In this case the elliptic dilogarithm is given by
E(q) = − 12i ∑n≥0
(
Li2
(
qnζ 56
)
+Li2
(
qnζ 46
)−Li2 (qnζ 26 )−Li2 (qnζ6))
+
1
4i
(
Li2
(
ζ 56
)
+Li2
(
ζ 46
)−Li2 (ζ 26 )−Li2 (ζ6)) . (153)
which we can write as a q-expansion
E(q) =
1
2 ∑k∈Z\{0}
(−1)k−1
k2
sin( npi3 )+ sin(
2npi
3 )
1−qk . (154)
4.2 The sunset integral as a trilogarithm
In this section we evaluate the sunset two-loop integral in a different way, leading
to an expression in terms of trilogarithms. We leave the interpretation of the two
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equivalence with the previous evaluation to §4.3 where we explain that these results
are a manifestation of local mirror symmetry.
We introduce the quantity the logarithmic Mahler measure R0(p2,ξ 2)
R0(p2,xi2) =−ipi+
∫
|x|=|y|=1
log(p2− (ξ 21 x+ξ 22 y+ξ 23 )(x−1+ y−1+1))
d logxd logy
(2pii)2
,
(155)
which evaluates to
R0 = log(−p2)−∑
n≥1
(p2)−n
n
A(2,n,ξ 21 ,ξ
2
2 ,ξ
2
3 ) , (156)
where A(2,n,ξ 21 ,ξ
2
2 ,ξ
2
3 ) is defined in (124). Differentiating with respect to p
2
leads to maximal cut
d
dp2
R0(p2,ξ 21 ,ξ
2
2 ,ξ
2
3 ) = pi
(2)
 (p
2,ξ 21 ,ξ
2
2 ,ξ
2
3 ), (157)
where pi(2) (p2,ξ 21 ,ξ
2
2 ,ξ
2
3 ) is defined in (123). It was shown in [20] that the sunset
integral has the expansion
I(p2,ξ 2) =−2ipi pi(2) (t,ξ 2)
3R30+ ∑
`1+`2+`3=`>0
(`1 ,`2 ,`3)∈N3\(0,0,0)
`(1− `R0)N`1,`2,`3
3
∏
i=1
ξ 2`ii e
`iR0
 ,
(158)
where the invariant numbers N`1,`2,`3 can be computed from the Yukawa cou-
pling (118) using [20, proposition 7.6]
6− ∑
`1+`2+`3=`>0
(`1 ,`2 ,`3)∈N3\(0,0,0)
`3N`1,`2,`3R
`
0
3
∏
i=1
ξ 2`ii =
(6(p2)2−4p2(ξ 21 +ξ 22 +ξ 23 )+2µ1 · · ·µ4)
p2∏4i=1(p2−µ2i )(pi(2) (p2,ξ 2))3
.
(159)
These quantities can be expressed in terms of the virtual integer numbers of rational
curves of degree `= `1+ `2+ `3 by the covering formula
N`1,`2,`3 = ∑
d|`1,`2,`3
1
d3
n `1
d ,
`2
d ,
`3
d
. (160)
A first few Gromov-Witten numbers are given by (these invariants are symmetric in
their indices so list only one representative)
(`1, `2, `3) (100)
k>0
(k00) (110) (210) (111) (310) (220) (211) (221)
N`1,`2,`3 2 2/k
3 −2 0 6 0 −1/4 −4 10
n`1,`2,`3 2 0 −2 0 6 0 0 −4 10
(161)
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(`1, `2, `3) (410) (320) (311) (510) (420) (411) (330) (321) (222)
N`1,`2,`3 0 0 0 0 0 0 −2/27 −1 −189/4
n`1,`2,`3 0 0 0 0 0 0 0 −1 −48
(162)
Introducing the variables Qi = ξ 2i eR0 we can rewrite the sunset integral as
− I(p
2,ξ 2)
2ipipi(2) (p2,ξ
2)
= 3R30+ ∑
`1+`2+`3=`>0
(`1 ,`2 ,`3)∈N3\(0,0,0)
`(1− `R0)N`1,`2,`3
3
∏
i=1
ξ 2`ii e
`iR0
= 3R30+ ∑
(n1,n2,n3)≥(0,0,0)
(dn1,n2,n3 +δn1,n2,n3 log(−p2))Li3(Qn11 Qn22 Qn33 ) , (163)
where Li3 = ∑n≥1 xn/n3 is the trilogarithm and the first coefficients are given by
(`1, `2, `3) (100) (110) (200) (111) (210) (300) (400) (220) (310) (211)
d`1,`2,`3 2 0 9/4 −6 −6 58/27 79/48 0 −8/3 40
δ`1,`2,`3 −2 2 8 −54 0 −16/27 −3/8 3 0 64
(164)
In §4.3 we will explain that these numbers are local Gromov-Witten numbers
N`1,`2,`3 and the sunset Feynman integral is the Legendre transformation of the local
prepotential as shown [20].
Using the relation between the complex structure of 2ipiτ = logq of the elliptic
curve and R0 (see [20, proposition 7.6] and §4.3)
logq= 2
3
∑
i=1
log(Q2i )− ∑
`1+`2+`3=`>0
(`1 ,`2 ,`3)∈N3\(0,0,0)
`2N`1,`2,`3
3
∏
i=1
Q`ii , (165)
one can check the equivalence between the expressions (142) and (158).
4.2.1 The all equal masses case
In this section we compute the local invariants for the all equal masses case ξ1 =
ξ2 = ξ3 = 1 the sunset integral reads
I(p2,1,1,1) = pi
(2)
 (p
2,1,1,1)
3R30+ ∑
`1+`2+`3=`>0
(`1 ,`2 ,`3)∈N3\(0,0,0)
`(1− ` logQ)N`1,`2,`3 Q`0
 .
(166)
with Q0 = exp(R0) where
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R0 =− log(−p2)+ ∑`
>0
(p2)−`
` ∑p1+p2+p3=`
(
`!
p1!p2!p3!
)2
, (167)
and using the expression for p2 in (151) we have that
R0(q) = ipi+ logq−∑
n≥1
(−1)n−1
(−3
n
)
nLi1 (q
n) , (168)
where
(−3
n
)
= 0,1,−1 for n≡ 0,1,2 mod 3. The maximal cut in (111) reads
p2pi(2) (p
2,1,1,1) =
η(q2)6η(q3)
η(q)3η(q6)2
. (169)
We recall the p2 is the hauptmodul in (151). The Gromov-Witten invariant N` can
be computed using [20, proposition 7.6]
6− ∑`
≥1
`3N`Q` =
6
p2(p2−1)(p2−9)(pi(2) (q))3
. (170)
Introducing the virtual numbers n` of degree `
N` =∑
d|`
1
d3
n `
d
, (171)
we have
nk/6 = 1,−1,1,−2,5,−14,42,−136,465,−1655,6083,−22988, (172)
88907,−350637,1406365,−5724384,23603157,−98440995,
414771045,−1763651230,7561361577,−32661478080,
142046490441,−621629198960,2736004885450,
−12105740577346,53824690388016, . . .
The relation between Q and q
Q=−q∏
n≥1
(1−qn)nδ (n); δ (n) := (−1)n−1
(−3
n
)
, (173)
which we will interpret as a mirror map in §4.3, in the expansion in (166) gives the
dilogarithm expression in (150).
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4.3 Mirror symmetry and sunset integral
In this section we review the result of [20] where it was shown that the sunset two-
loop integral is the Legendre transform of the local Gromov-Witten prepotential and
that the equivalence between the elliptic dilogarithm expression and the trilogarithm
expansion of the previous section is a manifestation of local mirror symmetry. The
techniques used in this section are standard in the study of mirror symmetry in string
theory. We refer to the physicists oriented reviews [46, 47] for some presentation of
the mathematical notions used in this section.
4.3.1 The sunset graph polynomial and del Pezzo surface
To the sunset Laurent polynomial
P(p2,ξ 2,x1,x2,x3) = p2− (x1ξ 21 + x2ξ 22 + x3ξ 23 )
(
1
x1
+
1
x2
+
1
x3
)
, (174)
we associate the Newton polyhedron in figure 4.3.1. The vertices of the polyhedron
are the powers of the monomial in x1 and x2 with x3 = 1.
x
y
p2 −∑3i=1 ξ2i
(0, 0) −ξ21
(1, 0)
−ξ21 (1,−1)
−ξ22 (0, 1)−ξ22
(−1, 1)
−ξ23
(−1, 0)
−ξ23 (0,−1)
Fig. 1 The Newton polyhedron associated with the sunset second Symanzik polynomial. The co-
ordinates (a,b) of the vertices we the powers of xayb and we give the value of the coefficient in
φ(p2,ξ 2,x,y,1).
This corresponds to a maximal toric blow-up of three points in P2 leading to a
del Pezzo surface of degree 6 B3.7 The hexagon in figure 4.3.1 resulted from the
7 A del Pezzo surface is a two-dimensional Fano variety. A Fano variety is a complete variety whose
anti-canonical bundle is ample. The anti-canonical bundle of a non-singular algebraic variety of
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blow-up (in red on the figure) of a triangle at the points P1 = [1 : 0 : 0], P2 = [0 : 1 : 0]
and P3 = [0 : 0 : 1] by the mass parameters see [60, §6] and [20, §4]. The del Pezzo
6 surfaces are rigid.8
Notice that the external momentum p2 appears only in the centre of the Newton
polytope making this variable special.
One can construct a non-compact Calabi-Yau three-foldM defined as the anti-
canonical hypersurface over the del Pezzo surfaceB3. This non-compact three-fold
is obtained as follows [20, §5]. Consider the Laurent polynomial
F = a+bu2v−1+ cu−1v+u−1v−1φ(p2,ξ 2,x1,x2,x3), (175)
with a,b,c ∈ C∗. Its Newton polytope ∆ is the convex hull of {(0,0,2,−1),
(0,0,−1,1),∆×(−1,−1)}where ∆ is the Newton polytope given by the hexagon
in figure 4.3.1. The newton polytope ∆ is reflexive because its polar polytope ∆ ◦ :=
{y∈R4|〈y,x〉 ≥−1,∀x∈∆}= convex hull{(0,0,1,0),(0,0,0,1),6∆ ◦×(−2,−3)}
is integral. Notice that for the sunset polytope is self-dual ∆ = ∆ ◦. A triangu-
lation of ∆ gives a complete toric fan9 on ∆ ◦, which then provides Fano variety
P∆ of dimension four [70]. For general a,b,c and the generic physical param-
eters p2,ξ 21 ,ξ
2
2 ,ξ
2
3 in the sunset graph polynomial, the singular compactification
M := {F = 0} is a smooth Calabi-Yau three-fold. This non-compact Calabi-Yau
three-fold can be seen as a limit of compact Calabi-Yau three-fold following the
approach of [23] to local mirror symmetry. One can consider a semi-stably degen-
erating a family of elliptically-fibered Calabi-Yau three-foldsMz to a singular com-
pactification M for z = 0 and to compare the asymptotic Hodge theory10 of this
B-model to that of the mirror (elliptically fibered) A-model Calabi-Yau M ◦. Both
M and M ◦ are elliptically fibered over the del Pezzo of degree 6 B3. Under the
mirror map we have the isomorphism of A- and B-model Z-variation of Hodge
structure [20]
H3(Mz0)∼= Heven(M ◦q0) . (176)
This situation is not unique to the two-loop sunset. The sunset graph have a re-
flexive polytopes containing the origin. The origin of the polytope is associated
with the coefficient p2−∑ni=1 ξ 2i , and plays a very special role. The ambient space
of the sunset polytope defines a Calabi-Yau hypersurfaces (the anti-canonical divi-
dimension n is the line bundle defined as the nth exterior power of the inverse of the cotangent
bundle. An ample line bundle is a bundle with enough global sections to set up an embedding of
its base variety or manifold into projective space.
8 The graph polynomial (47) for higher loop sunset graphs defines Fano variety, which is as well a
Calabi-Yau manifold.
9 The fan of a toric variety is defined in the standard reference [69] and the review oriented to a
physicts audience in [47].
10 Feynman integrals are period integrals of mixed Hodge structures [26, 71]. At a singular point
some cycles of integration vanish, the so-called vanishing cycles, and the limiting behaviour of the
period integral is captured by the asymptotic behaviour of the cohomological Hodge theory. The
asymptotic Hodge theory inherit some filtration and weight structure of the original Hodge theory.
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sor defines a Gorenstein toric Fano variety). Therefore they are a natural home for
Batyrev’s mirror symmetry techniques [21].
4.3.2 Local mirror symmetry
Putting this into practise means recasting the computation in §4.2 and the mirror
symmetry description in [20, §7] in the language of [24], matching the computation
of the Gromov-Witten prepotential in [24, §6.6].
The first step is to remark that the holomorphic (3,0) period of Calabi-Yau three-
fold M reduces to the third period R0 once integrated on a vanishing cycle [72,
Appendix A], [73, §4] and [20, §5.7]∫
vanishing cycle
ResF=0
(
1
F
du∧dv∧∧dx1∧dx2
uvx1x2
)
∝ R0(p2,ξ 2), (177)
where F is given in (175) and R0(p2,ξ 2) is given in (155). This second period is
related to the analytic period near p2 = ∞ by pi(2) (p2,ξ
2) = ddp2 R0(p
2,ξ 2).11
The Gromov-Witten invariant evaluated in (161) section 4.2 are actually the BPS
numbers for the del Pezzo 6 case evaluated in [24, §6.6] since
∑
`1+`2+`3=`>0
(`1 ,`2 ,`3)∈N3\(0,0,0)
N`1,`2,`3R
`
0
3
∏
i=1
ξ 2`ii = ∑
( ˜`1, ˜`2, ˜`3)∈N3\(0,0,0)
n ˜`1, ˜`2, ˜`3Li3(
3
∏
i=1
ξ 2
˜`i
i e
˜`iR0), (178)
where we used the covering relation (160). With the following identifications12 Q1 =
1, Q2 = ξ 21 e
R0 , Q3 = ξ 22 e
R0 and Q4 = ξ 23 e
R0 , the expression in (178) reproduces
the local genus 0 prepotential F0 = Fclass0 +∑β∈H2(M ,Z) n
β
g Li3(∏4r=1Q
βr
r ) computed
in [24, eq.(6.51)] with Fclass0 =∏
3
i=1(R0+ log(ξ 2i )) in our case.
From the complex structure of the elliptic curve we define the dual period
pi1(p2,ξ 2) = 2ipiτpi
(2)
 (p
2,ξ 2) one the other homology cycle. Which gives the dual
third period R1, such that pi
(2)
1 (p
2,ξ 2) = ddp2 R1(p
2,ξ 2). This dual period R1 is there-
fore identified with the derivative of local prepotential F0
11 It has been already noticed in [74] the special role played by the Mahler measure and mirror
symmetry.
12 We would like to thank Albrecht Klemm for discussions and communication that helped clari-
fying the link between the work in [20] and the analysis in [24].
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2ipiR1 =
∂
∂R0
F0 (179)
= ∑
1≤i< j≤3
(R0+ log(ξ 2i ))(R0+ log(ξ
2
j ))− ∑
`1+`2+`3=`>0
(`1 ,`2 ,`3)∈N3\{0,0,0}
`N`1,`2,`3
3
∏
i=1
ξ 2`ii e
`iR0 ,
as shown in [20, theorem 6.1] and [20, Corollary 6.3]. With these identifications it is
not difficult to see that the sunset Feynman integral is actually given by the Legendre
transform of R1
I(p2,ξ 2) =−2ipipi(2) (p2,ξ 2)
(
∂R1
∂R0
R0−R1
)
. (180)
This shows the relation between the sunset Feynman integral computes the local
Gromov-Witten prepotential. The local mirror symmetry map Q↔ q given in the
relations (165) and (173) maps the B-model expression, where the sunset Feynman
integral is a elliptic dilogarithm function of the complex structure log(q)/(2ipi) of
the elliptic curve and the A-model expansion in terms of the Kähler moduli Qi.
5 Conclusion
In this text we have reviewed the toric approach to the evaluation of the maximal cut
of Feynman integrals and the derivation of the minimal order differential operator
acting on the Feynman integral. On the particular example of the sunset integral we
have shown that the Feynman integral can take two different but equivalent forms.
One form is an elliptic polylogarithm but it can as well expressed as standard trilog-
arithm. We have explained that mirror symmetry can be used to evaluate around the
point where p2 = ∞. The expressions there makes explicit all the mass parameters.
One remarkable fact is that the computation can be done using the existing technol-
ogy of mirror symmetry developed in other physical [22–24] or mathematics [25]
contexts. This analysis extends naturally to the higher loop sunset integrals [55]. The
elliptic polylogarithm representation generalises to other two-loop integrals like the
kite integral [75–77] or the all equal masses three-loop sunset [61]. This represen-
tation leads to fast numerical evaluation [76]. But it has the disadvantage of hiding
all the physical parameters in the geometry of the elliptic curve. The expression us-
ing the trilogarithm has the advantage of making all the mass parameters explicit
and generalising to all loop orders since the expansion of the higher-loop sunset
graphs around p2 = ∞ is expected to involve polylogarithms of order l at l-loop
order [25, 55].
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